Abstract. We study Ribaucour transformations on nondegenerate local isometric immersions of Lorentzian space forms into Lorentzian space forms with the same sectional curvatures which have flat normal bundles. They can be associated to dressing actions on the solution space of Lorentzian Grassmannian systems.
Introduction
In this paper, we consider Ribaucour transformations of local nondegenerate isometric immersions of Lorentzian space forms N n,1 (c) into Lorentzian space forms N n+k,1 (c) which has flat normal bundles. Classically, a Ribaucour transformation on a surface in R 3 is defined as a sphere congruence which preserves principal directions, and it is applied to special kinds of surfaces such as surfaces with constant mean curvature, surfaces with constant Gaussian curvature and so on [3] . The definition of a Ribaucour transformation is generalized and studied to higher dimensional submanifolds in space forms [1, 2] . In particular, Dajczer and Tojeiro treated Ribaucour transformations of Riemannian submanifolds in pseudo-Riemannian space form [2] .
On the other hand, many interesting submanifolds have special Gauss-Codazzi equations in that they are solution equations [5, 6, 7, 8, 9] . In the theory of integrable system, there is a systematic method called a dressing action to produce a new solution from a known solution. The problem of immersions of space forms into space forms and their transformations can be explained by means of the theory of integrable system, too. In this vein, immersions of Riemannian space form N n (c) into Riemannian space form N n+k (c) can be associated to the solutions of Grassmannian system and some dressing actions on them are constructed in [1] , and immersions of Lorentzian space form N n,1 (c) into Lorentzian space form N n+k,1 (c) are associated to the solutions of Lorentzian Grassmannian system [4] .
The goal of this paper is to find all the local Ribaucour transformations of nondegenerate isometric immersions of N n,1 (c) into N n+k,1 (c) which has flat normal bundles, to construct dressing actions on the solution space of the Lorentzian Grassmannian system and finally to show that these actions are all the Ribaucour transformations on these immersions.
Lorentzian space forms in Lorentzian space form
We denote by R n,r the vector space R n+r with the nondegenerate inner product of index r, 
x, x = −1 .
If the normal bundle is flat, then it is an elementary fact that all the shape Hence, for such M , it makes sense to say principal directions and it turns out to be true that M has a principal coordinate system. More precisely, 
where I m is the m × m identity matrix and i = e i , e i .
The local geometry of the immersion X in Proposition 2.3 can be described by (2.1) as follows. For a map f , denote
Throughout this paper, we will always assume that
, e 1 is a timelike direction. It is convenient to use matrix notations for (2.2).
Ribaucour transformations
In this section, we investigate on Ribaucour transformations of isometric
Classically, a Ribaucour transformation is defined [3] between surfaces in the 3-dimensional Euclidean space as a sphere congruence which preserves principal directions. This definition can be generalized to submanifolds in Riemannian or Lorentzian space forms [1, 2] .
∈M intersects at a point equidistant to p and (p), (2) if e p is an eigenvector of the shape operator A ξ of M , then * (e p ) is an eigenvector of A ℘(ξ) , and the geodesics in these directions intersect at a point equidistant to p and (p).
(c) are nondegenerate isometric immersions with flat normal bundles, which are in a Ribaucour transformation. Let e i andẽ i are local principal tangent frames, e α andẽ α are local parallel normal frames for X andX, respectively.
Put ℘(X) =X only when c = 0, and ℘(e i ) =ẽ i , ℘(e α ) =ẽ α . Then the isometry ℘ can be extended to an isometry ℘ :
for c = 0, 1, −1, respectively. According to the conditions (1) and (2) in the Definition 3.1, there exists ζ ∈ V such that
for any v ∈ V . Take a nowhere vanishing function µ and a vector field η with 
As was shown for Ribaucour transformations on Riemannian submanifolds in pseudo-Riemannian space form [2] , we can prove the following theorem. 
where
The equations (3.6) are completely integrable. Moreover,
Proof. SinceX xi is parallel toẽ i , we have dX(e i ),ẽ A = 0 for A = i. Thus from (3.4), we get
A direct calculation for ∇ e i e A , η using (2.2) shows that
. Now, we claim that the 1-form ψ = i i g i ω i is closed, where ω i is the dual 1-form of e i , that is, ω i (e j ) = e i , e j = i δ ij . To show this, using (3.10), (3.11), and (2.2), we have
Thus ψ = −dh/h for some h. Put γ 0 = − hµ, γ i = hη i and β r = hη n+r+1 . Then (3.11) becomes the desired equations (3.6) andX,ẽ i andẽ α are of the formX = X − 2 νγ 0 w, e i = e i − 2 νγ i w, e n+1+r = e n+1+r − 2 νβ r w,
r . Now, a tedious calculation shows that X xi ,ẽ j = X xi ,ẽ α = 0 for i = j and α > n + 1, and thusX
To findb i , compute
Hence we getb i = b i − 2 νγ 0 Γ i . A similar argument, which we will omit, shows that 
and when it is tangentially timelike,
for some constant ρ.
Proof. From (3.12), we know thatb ir are the coefficients of the second fundamental form ofX and thus
Therefore, ν β 2 is constant.
Lorentzian Grassmannian systems and dressing actions
In [4] , the nondegenerate local isometric immersions
with flat normal bundles are associated to the solutions of the so-called Lorentzian Grassmannian system. The Lorentzian Grassmannian system is a kind of G/K system, which is developed by Terng [9] . We will first briefly review the Lorentzian Grassmannian system and summarize how to relate such immersions with the Lorentzian Grassmannian system, and next construct two kind of actions on the solution space of the system to produce a new such immersion. These actions will turn out to be all the Ribaucour transformations for X.
and the Lie algebra of G c is
Note that when c = 0, the first column (±1, X) of A ∈ G c can be identified with X ∈ R m,1 by X ↔ (±1, X).
, such that the 1-parameter family of connection 1-form
is flat for any λ ∈ C. Here δ = diag(dx 1 , . . . , dx n+1 ) and the matrices are partitioned into blocks with sizes (1, n + 1, n + 1, k − n − 1).
), where B 1 ∈ M (n+1)×k . Taking a gauge transformation on θ λ
We also say (b, F, B 1 ) is an associated solution to (b, F, G) of the Lorentzian Grassmannian system when g * θ λ is flat for any λ. Notice that the flatness of g * θ λ is exactly the equations (2.3). From this fact, we get the following proposition [4] . ,
) is the orthogonal projection of ( 
where (c ij ) * means c i,i+1 = 0.
Hence we obtain a new solutionX corresponding to (F ,G,b) from a given immersion X for (F, G, b) . We will investigate on how X andX are related geometrically. Let E λ andẼ λ be trivializations corresponding to θ λ andθ λ in (4.1) and (4.7), respectively. Write 
